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Abstrllct-A three-dimensional analysis is presenk-d for the bending problem of finite thick plates
with through-the-thickness cracks. A general solution is obtained for Navier's equations of the
theory of elasticity. It is found that the in-plane stresses and the transverse normal stress at the
crack front are singular with an inverse square root singularity. while the transverse shear stresses
are of the order of unity. Results from a numerical study indicate that the stress intensity factor.
which varics across thc thickness. is influenced by the thickness ratio in a significant manner. Results
from a parametric study and those from a comparative study with existing finite element values arc
presenh:d.
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crack length
Young's modulus
rigidity modulus
modified Bessel functions of the first and St.'Cond kind. reslX'Ctivcly
stress intensity li,ctor (commonly referred toasSIF). expressed asa function of the coordinate
in thc thickness dir~"l.:tion. i.e. 1
factor associated with the singular part of the normal stress component along the thickness
direction. analogous to K.(l)
length. breadth aml thickness of the plate (Fig. I)
applied bending loading
delined under four difren:nt groups <Is: (i) n '" 2j+ 1/2. (ii) fl '" 2j-I/2. (iii) n '" 2j+ l,
(iv)" = 2j. withj '" 0.1.2.3..... "J.;

stress resultants and couples in the Cartesian eoordimLte system

cylindric.1l coordinate system. associated with the Cartesian coordinate system such that the
rcl.llions .r = i cos u. 1 = i sin /} <lnd 1 '" 2 arc v;!lid t Fig. 2)
non-dimensionalized displ;!cement components in the eylindrie;!1 coordinate system where
(II. /'. \I') '" lii/a. fill. \"/a)
displacement comp0l1l.:nts in the cylindric;!l coordinate system

non-dimensionalized C.rtesian and cylindrical coordinatt: systems whert: (X. Y.O
(.r,-II. 1/11./.1(/) and (r, 0.;) '" (ilu.O,/./</)

Cartesian coordinate system with the origin at the centre of the plate (Fig. l)
Cartt:sian coordinate system with the origin at the crack front such that -11 ~ 7. ~ 11
(Fi\:.2)
partial derivative with respect to~, N,:~.

partial derivatives. ,'i.'r. l'r .'1,'0. respectively
real roots. I'll wherc I' =1+ li2. 1 '" O. 1.2•.. ,.,Xl

thickness parameter. hia
c(lmple~ mots. with k = 1.2.3... ,. X.

Poisson's ratio
dilatation
e,treme libre stress due to applied bending loading, 3M./2h!

stress components in the cylindric;!1 coordinate system

stress components in the Cartesian coordinate system

stress functions,
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INTRODUCTIO!'i

It is well known that the state of stress in the neighbourhood of the crack front in a cracked
plate of finite thickness is three-dimensional in nature. It is. therefore. essential that a three­
dimensional analysis is carried out in order to understand the true behaviour of the stress
and deformation fields prevailing in the vicinity of the crack front.

Among various crack configurations encountered in practice. the through-the-thickness
crack configuration is of particular interest. Recent studies[1--4] in cracked-plate problems
with through-crack geometry have raised some questions such as (i) the type of stress
singularities involved at the crack front. in particular at the corner points where the crack
front penetrates the free plate faces. (ii) the type of variation of the stress intensity factor
(5IF) across the plate thickness. in particular near the plate faces and (iii) the character of
the displacement field prevailing at the crack front. These studies point to the existence of
the inverse square root singularity Ii ,ir (where r is the radial distance from the crack front)
in the stress field interior to the plate thickness with a predominantly plane strain type of
deformation field. However. near the plate faces. while Refs [1.2] do not shed any light as
to either the type of stress singularity or the deformation character. the studies in Refs [3.4]
reveal a Poisson's ratio-dependent (~t) stress singularity. namely 1/(r)1 ~.:u. indicating a
displacement singularity at the crack front for Jt > 14. In contrast. in Refs [I, 2]. the
condition of lIniteness of displacement componcnts at the crack front is enforced on the
solution. At this point it may be mentioned that the above-mentioned studies[I-4] are
qualitative in nature since no numerical studies have been carried out. The experimental
studies carried out by Villarreal el al.[5] serve to confirm the qualitative results presented
in Refs [I ~4) regarding the character of the singular deformation field interior to the plate
thickness. but. near the plate faces. the results obtained in this paper indicate a rapid
decrease in 51 F values. thereby suggesting a reduction in the strength of the singularity in
the region.

More recently. an analytical solution[6] was presented for the three-dimensional stress
problem of a finite thick plate with a through-the-thickness crack under an extensional
loading. A general solution to the Navier equation was obtained. whidl revealed that the
in-plane stresses and the transverse normal stress at the crack front were singlilar with an
inverse sq uare root singularity. while the transverse shear stresses were of the order of unity.
The stress intensity factor. which varied with the coordinate in the thickness direction. was
found to depend. predominantly, on the thickness ratio of the plate. The in-plane stresses
preserved the inverse square root singularity all through the plate thickness including the
corner points where the crack front penetrates the faces of the plate. The displacement
components at the crack front were finite; in 1;lct. this condition was imposed on the solution
solely from physical considerations. Numerical results were obtained for the SIF for some
typical problems. It was found that in the region interior to the plate thickness the 51F had
a character. more or less that of plane strain. particularly for large thickness ratios, and for
the case with 211 -+ N (where 211 is the plate thickness). the two-dimensional plane strain
solution was mathematically recovered. For particular cases. the results for the 51 F appli­
cable for the region interior to the plate thickness were found to be in good agreement with
those of the finite element method[7) and the experimental method[5). The numerical results
for the SIF valid for other regions across the plate thickness exhibited signifIcant features.
not observed before in earlier investigations.

The above-mentioned investigations deal with extensional loading problems only. in
which the deformation field about the plate middle plane is symmetric. Crack problems
associated with the antisymmetric deformation field about the plate middle plane arc also
important. since the solution for general loading cases. which are frequently encountered
in practice. requires consideration of both symmetric and antisymmetric fields. A study of
the existing literature reveals that three-dimensional results obtained from analytical
methods for the antisymmetric problems arc not available. In this connection. it may be
mentioned here that the studies carried out by Hartranft and Sih[S] are found to be two­
dimensional in nature for cracked plate problems involving stress-free plate faces. However,
somc results obtaincd by the finite element and photoelastic methods are available[9-1 2).
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Fig. I. Coordinatc systcm and platc dimcnsions (!'lending loading case).

Thus. a need for undertaking the three-dimensional analysis using exact theoretical methods
is dearly indicated for cral:k problems involving antisylllmetric deformation fields, where
the stress intensity factor varies in an antisymmetric manner with respect to the plate middle
plane.

In this paper. a three-dimensional elastic analysis is presented for the bending problem
of finite rectangular thick plates with through-the-thickness cracks. The mathematical
formulation is developed using the e4uations of the theory of clasticity[13. 14). A general
solution is obtained, which satisfies exactly the stress-free boundary conditions at the crack
surfaces and the plate faces. The solution also satisfies the boundary conditions at the
exterior (outer) edges of the plate, which include those associated with the applied loading.
in the least square sense. Numerical studies have been carried out for the loading case
involving the application of the uniform unidirectional moment at the exterior plate edges
which arc parallel to the crack plane. The effect of various parameters of the problem, in
particular the thickness ratio, on the stress intensity factor has been determined. Some of
the results have also been compared with existing results from the finite clement method.
The nature of the present results and those of the comparison study have led to some
interesting conclusions.

FORMULATION OF TilE PROBLEM

The problem to be analysed here is th~lt of the bending of a rectangular plate with a
length of 2L. a width of 28 and a thickness equal to 21z, containing a central through-the­
thickness crack of length 2a (Fig. I). The plate is subjected to a uniformal uniaxi~tl bending
moment 1'.1., at the outer edges. which arc parallel to the crack plane.

The plate bending problem described above involves a deformation character which is. .
antisymmetric with respect to the middle plane of the plate. that is. the X- Y plane. Speciti-.
cally, the in-plane displacements as well as the in-plane stresses (associated with the X- and. .
Y-directions) and the transverse normal stress (along the Z-axis) arc antisymmetric with
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Fi~. 2. Plalc of linilc dimcnsions with ;1 through-thc-lhil'kncss crack undcr uniform bcnding loading.

n:spcct to the middle plane, while the transverse displacement and transverse shear stresses
are found to be symmetric with respect to this plane. In developing the mathematical
formulation of the problem the foregoing factors concerning the character of the stress and
displacement distributions across the plate thickness must be taken into account.

LOCAL COORDINATE SYSTEM

In a Cartesian coordinate system (X, r, Z) with the origin located at the centre of. . .
the plate middle plane such that -B:::; X:::; B, -L:::; Y:::; Land -11:::; Z:::; 11 (Fig. I),.. .
the crack occupies a region defined by -a:::; X:::; a, Y = ±O and -11:::; Z :::; 11. For
convenience, the general mathematical formulation is carried out in a local cylindrical
coordinate system (r, 0, 2) in association with the local Cartesian coordinate system
(.f. f,2) the origin of which is located at the crack tip lying in the plate middle plane, In
view of the local coordinate system chosen, it is necessary to consider for analysis only the
region defined by -a:::; ,r:::; (B-a), - L :::; f:::; Land -11:::; Z:::; 11 with appropriate
continuity conditions at ,f = - a, where 211 is the crack length, and other boundary con­
ditions of the problem (Fig. 2). In the local coordinate system, the relations .f = rcos 0,
f = i sin 0 and J. = J. hetween the Cartesian and cylindrical coordinate system are valid.

It is convenient to introduce the following nondimensionalization of the coordinate
systems (.f, f, 7.) and (r, 0, i), and other related quantities:

i,'a = r, 0 = 0, i/ll =~, ,fja = X = r cos 0, f/a = Y = r sin 0

j1
( )' = ~.'

Gl"
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It may be noted that. with the above notation. the limit -Ir :::; 2:::; Ir corresponds to
-'f :::; , :::; 'f. In later developments the following notation with respect to Poisson's ratio
IL would be useful:

GOl'crning eqllations
The governing partial differential equations of the problem are the equ;ltions of equi­

librium in terms of the displacement components rio f and II' along the r-. 0- and Z­
directions. as derived from the three-dimensional equations of the theory of elasticity. The
corresponding equations in the non-dimensionalized cylindrical coordinate system (r. O. C)
are given as[ 13. lolJ

where

[V: - IIr:)I1- (2Ir)fk + JL: xp = ()

W:-IV]I'+(2Ir){lII+JL:/Ip = ()

V:W+IL:P' = 0

up
P' =;v'

(,~

( I)

rn eqns (I). II. L' and II' are the non-dimensionalized displacement components along
the r-. V- and (-directions. respectively. as defined by II = ii/a. L' = Na. and I\' = 11'la. Also.
in this equation. p is the dilatation given by

II
P = 'XII +/11' + - +11".

r
(2)

The expressions for the stresses (a,. 0'0. a:. 0',0. a,:. ao:! in terms of the displacement com­
ponents. as derived from Hooke's law. are given as[13]

a,/2G = 'XII + JL JP

ao/2G = (fll' + IIIr) + JL JP

a:!2G = 1\" + JLJP

a,,,/2G = ~(fill+'ll'-l'!r)

rr,:12G = ~('XI\' + II')

a"J2G = !(fill'+l"). (3)
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Boundury comlitions
Solution to the governing equations, eqns (I). must satisfy the boundary conditions

of the problem. which include those at the plate faces. crack surfaces. and at the exterior
edges of the plate (Fig. ~). They can be written as:

exterior edges of the plate

a t X = - I. II, = at: = an = 0

a t X = B,'a - I, (1,. = an = at: = 0

(4)

(5)

at r = ± Lla. a, = (ab)Z/1z = (3JIJ21z~)Zilz. a,: = an = 0 (6)

where .\1" is the applied bending moment:

plate fal.:es (Z = ±Iz or ~ = ±Iz/a = 'll

(7)

LT~ll.:k surfal.:es (0 = ±IT)

(X)

In eqns (4) «(1). It, is the displal.:ement component along the X-direction while fT,. fT,.

fT". fT ,. and fT" are the stress components in the (X. Y.O coordinate system. It is to be noted
herl.:. th~lt eqns (4) al.:tually represent the continuity conditions. referred to earlier (Fig. I).

I! is to be noted that in eqns (4) (X). only X. Y. ( and It, are dimensionless. Further
formulation will be developed in the non-dimensional (r. O. 0 system. However. the l.:oor­
din~lle l. when:ver it Ol.:l.:urs. appears as l../Iz. in asstll.:iation with Iz.

,',,,11t{i(lll
Sa{lIrc (II' 11t(· P/'OIJO.I·cd solltlio/l. The total solution to the governing equations. eqns

( I). whidl is proposed herein. wnsists of three independent solutions whil.:h. individually.
satisfy eqns (I). The first independent solution which is herein referred to as the symbolic
solution is constructed by following Lur'e's[ 13] symbolic method of constructing solutions
to eqns (I). The sewnd independent solution is called the "elementary" solution, while the
third independent solution may be referred to as the "associated" solution. [n arriving at
these three solutions. the procedure introduced by Lur·e[13]. in which the quantities ::t. II
and ,) arc regarded as numbers. has been followed. The above three independent solutions.
individually. satisfy the boundary condition at the plate fal.:es as defined by eqns (7). The
ahove three independent solutions arc allowed to satisfy together the boundary conditions
at the crack surfaces and. also, those at the exterior edges of the plate as defined by eqns
(X) and (4) (6).

The total solution to the governing equations. cqns (I), consisting of the above­
mentioned three independent solutions may be written as

It = -lp(l~ 11~ +XI X) + II(s/,»)D.

l' = -llf1(I~II~+X1X)-::t(S/<5)D.

\I' = I~~I/I+X~X (9)

where 1/1. X and D.. which correspond to "symbolic". "elementary" and "associated" solu­
tions. respectively. are functions of the r- and O-coordinates only. and are solutions of the
following: differential equations:



Three-dimensional elastic analysis of cracked thick plates under bending fields 689

W- (Wk/") :]1/1 = 0

[J: - (I' tt/,,):]O = 0

J-IX= O. (10)

In eqns (9) and (l0). S = sin 15=. and Wk are the complex roots of the equation
sin 2<::Jk - 2Wk = O. k = 1.2.3..... x. Here. r = 1+ 1/2 with the range for 1 defined as:
I = O. I. 2. 3..... :D. The functions 1/1 I. 1/1 z. XI and Xz of eqns (9). which are functions of the
=·coordinate only. are given as

where

I/II«() = (1-2JI)SC/c5,,+«(/,,)CC+SS

I/Iz«() = 2(1-JI)CC+c5(SC-"c5SC

XI (0 = 2( I - Jl)( 1-8Z"Z)(/" +(2 - Jl)c5 z,,:W" - 1/3«(;,,) J}

Xz(O = 2(I-Jt)-8 z"z{2(1-t l )+JI(l-(Z;r,Z)}

C = cos <5(.

(tI)

In eqns (II). Sand C are the values of Sand C at the plate faces «( = t" or t = th).
The solutions to the differential equations. eqns (10). may be taken in the following form:

I/I(r./I) = Re L L clk"I,,(<rV/") cos nO
" k ~ I

t

x(r.O) =L L r'[Af, cos (t-2)O+N, cos to)
If m-ll

where

t

O(r.O) = L L Ct"I,,(l'ttr//1> sin nO
" 1- lJ

t = n+2m.

( 12)

In eqns (12). I" arc modified Bessel functions of the first kind. Here. clk" arc unknown
complex constants. while CI". M, and N, arc real constants. The range of n appearing in
these equations will be discussed later. It is to be noted from eqns (9)~(12) that the solutions
11.1" and I\' to the governing equations. eqns (I). satisfy the boundary conditions at the plate
faces as given by egns (7). and the unknown constants dk". CI", M, and N, are to be
determined from the satisfaction of other boundary conditions of the problem. namely egns
(4)-(6) and (8). The expressions for the stress components can be determined by substituting
eqns (9) into eqns (3).

An inspection of the three component solutions. namely the "symbolic". "elementary"
and "associated" solutions (which arc associated with the functions 1/1. Xand n. respectively).
reveals that the stress and displ'lcement fields produced by anyone of these three solutions
arc different from those of the other two. The presence of this feature establishes the
independence of the three component solutions. which together form the total solution as
defined by egns (9).

Satisfaction of crack surfacr! hOlmdary conditions and rangr! oj n
In order to facilitate the satisfaction of the crack surface boundary conditions (8) (at

o= t tt). it is necessary to express the stresses involved in power series form in rand
Fourier series form in (involving Cleo or SI(O. as thc case may be. where CI(O =cos 1'1£(/"
and SI(~) = sin t rr(/t,. It is to be notcd that the stress components as dctermined from the
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'"associated'" solution are obtained in a Fourier series form in the ~-coordinate (as they
appear in their original form). Therefore. it is only necessary to express the stress com­
ponents associated with the "symbolic"' and "e1ementary" solutions in Fourier series form.
Noting that the original form of these solutions with respect to the ;-coordinate involves. .. . .. ..
such terms as S. C;. C. S; (where S = sin (:J,,;,tl and C = cos w,,;,tr). appropriate relations
connecting these terms to Ct(;) or S,(;). as the case may be. are used [I 5]. In dealing with
the r-coordinate. the modified Bessel functions ' n ( rritT) with r = OJ or I' n:. can be expressed
in series form in powers of r by using the power series expansion of Bessel functions[16]. The
Appendix gives 0'" e.xpressed in this form. The expressions for other stress and displacement
components can be obtained in similar forms. Having expressed the stresses involved
(0',,, 0'"" 0',,:) in appropriate forms. the boundary conditions at the crack surfaces ({) ± n:)
may now be satisfied for each power of r and with respect to each value of I appearing in
these series expansions.

At this point it is appropriate to consider the range of n in the series expansions
occurring in the expressions for the stresses and displacements. In this connection it may
be recalled that the order !I of modified Bessel functions. In. consists both of fractional and
integer values. and may include positive as well as negative values, Also the satisfaction
of crack surface boundary conditions suggests that !I should be expn:ssed as follows:
!I = 2j ± I 2. !I = 2j and !I = 2j+ I. where) is assigned positive as well as negative values.
The actual permissible range of !I is governed by the condition that the displacement
components (1I.r. II') at the crack front are tinite, Due to this requirement !I ~ (- 1/2). The
condition of finiteness of displacements at the crack front is enforced on the solution solely
from physical considerations. and in ensuring this condition it is the total solution that
must be considered (11.1'. II' as given by eqns (9». When the condition of finiteness of all
the three displacement components at the craek front is enforced on the total solution of
the problem. two groups of ranges for !I are found to be valid

Group I: 11 = 2j± 1/2. ) = O.I.2....• Xi

Group 2: n = 2)+ I and 2). ) = 0.1,2..... %. ( 13)

In assigning values to n some particular cases need special treatment. The rigid body
displacements arising from terms such as a constant and r cos O. which are obtained when
n+2m = 0 and I. have been retained. However. terms such as In r. also derived from
n + 211I = O. have been excluded from the analysis. sin<:e they produce infinite displa<:ements
at the cra<:k front.

In satisfying the boundary conditions at the crack surfaces. both fractional and integer
values must be assigned to /I. according to Groups I and 2 detined in eqns ( 13).

Satisfaction of crack surface boundary conditions as described above leads to four sets
of homogeneous algebrai<: equations corresponding to Groups I and 2. Each equation
involves the unknown constants Nt. Jlt• dkn and Ctn • The constants .Ire determined from
the satisfaction of the boundary conditions at the exterior of the plate. as given by eqns
(4)-(6).

BO/lndary conditiollS at the exterior (ol/ter) edges oj the plate
Since the solution has been obtained in the cylindrical coordinate system (r. O. () and

the exterior edges of the plate arc rectilinear. these boundary conditions must be satisfied
by the boundary point least squares method with respect to the (r. O. () coordinates. in
association with the (X. Y.;) coordinates. In order to reduce the analytical and numerical
work involved in satisfying these boundary conditions to manageable proportions. the
stress boundary conditions of eqns (4)-(6) must be satisfied in terms of stress resultants
and stress couples rather than unit stresses. The boundary condition 1/, = 0 appearing in
eqn (4) is replaced by its equivalent q" = 0 where 4), is the average rotation about the Y­
axis at the edge X = - I. The corresponding modified boundary conditions may be written
as
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at X = -1. <Px = Qt = M.tv = 0

at X = B('a-I, !rft == il"Jty = Qt = 0

at Y = ±Lia. M, == .'.[0

the applied uniform moment

Q •. = !rfH = 0

where

<Pt = 12/(2h)3 fir U,Z dZ.
-Ir

RESULTS AND DISCUSSION
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( 14)

(15)

Nature of stresses in polI'er series form in r
The expressions for the stress components are obtained in series form in powers of r.

e.g. expressions for UI/ given in the Appendix. It may be observed from the expression for
UI/ that the values for n as determined from eqns (13). when substituted into the series
expansions. lead to r terms containing both positive and negative powers. A consideration
of only negative powers leads to such terns as r' I". r' I. r - .1/". r - U •...• in decreasing order.
When the condition of finiteness of displacement components at the crack front is enforced
on the solution. it is found that all the r terms with negative powers vanish except for the
r I" term. Thus. the only term which can lead to singular stresses is the r- II" term. It may
be mentioned here that the behaviour of other stress components. except for transverse
shear stresses. is similar. The transverse shear stresses are of the order of unity.

Mathematical expression for the stress intensity factor
The state of stress in the neighbourhood of the crack front is of special interest in a

crack problem. In this region. where r« I. the stress distribution can be expressed as

U, == Kb(Z)[I/4(2;j'/2](5cos 0/2-cos 30/2)+0(1)

U/I == K b (Z)[I/4(2;j'/2](3 cos 0/2+cos 30/2)+0(1)

(1,1/ == Kb(Z)[I/4(2;j'/"](sin 0/2+sin 30/2)+0(1)

(1, == Kb(Z)[4p/2(2;j1/2j cos 0/2+0(1)

(1" = O( I). UI/: == 0(1).

( 16)

( 17)

It may be observed from eqns (16) and (17) that the in-plane stresses u" (1/1 and UrlJ as
well as the transverse normal stress (1, are singular with an inverse square root singularity
(I /r L 2). while the transverse shear stresses (1" and UI/: are of the order of unity. In these

equations Kb(Z) is the stress intensity factor and Kb(Z) the factor associated with the
singular term of (1:. The expressions for these factors arc given as

:ro

Kb(Z) == (2a)12(4G) L (-I)/+IS1(Z)[4M Jd l +p)/(l'n)2
1.0

Y:

+Re L cI:l_l/21(wf/t/"){JlGkl-(I+JL)9k/}] (18)
k.1

-c.' "T)

Kb(Z) == (2a) \'"(4G) L Re L (_1)1+ I S/(Z)cI:l. U) (wf/" 2)a"t/p (19)
1- 0 k_ 1

where

SA$ H:l-C
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In eqns (18) and (l9L d~ I cl and Jl, c are the constants. referred to earlier. with
respect to n = - I 2.

At this point it is useful to study whether the expression for the SIF as given by
eqn (18) would permit any manipulation. Such a process may throw some light on the
characteristics of various terms involved in this equation. In this connection, it may be
observed that the first term in eqn (18) for Kb , associated with the constant Jl, > can be
reduced to a simpler form. Denoting the first term by K~" and the second term associated
with the constant d,~ I CI by K~CI, it is noted that Kh = K~' J + K~CI. The simpler form of the
first term ean now be e,xpressed as

(20)

(21 )

In deriving expression (20) the following relations have been used:

7./11 = 2 I (-I )'S,(Z);U'TC)C
I 11

lj = (213)[1:11 '/(1 - JI")!

M" (applied moment loading) = (213 )ahll'.

The expression for A::,I I, as given by eqn (::!O), has now assunll:d a simpler form and
involves a variation in /. whidl is linear in form. It is interesting that at the plate faces
(Z = ± h), eqn (20) bel.:omes identical to eqn (2.39) of Ref. [17] where Reissner"s theory
has been used, provided IJ I 2 ofeqn (21 ) is set equal to ..I I 21Ja. In making this comparison,
care has been taken to verify that IJ, C possesses the same dimension as that of A 1 "iJa

in Ref. [171.
Thus, it is seen that the first term of the expression for SI F, as defined by eqn (18),

represents the SI F of the corresponding two-dimensional bending problem of Reissner's
theory. It is, therd'ore, evident that the second term on eqn (I XL which docs not permit
any simplification of its form, imparts the required three-dimensional character to the..
expression for the stress intensity factor. It is interesting to note that the expression for K,,,
reprcsenting the singular transverse normal stress, docs not permit any simplification in its
form analogous to that of the first term of eqn (I X). This behaviour is to be expected
since Reissner's two-dimensional fMmulation involves the disappearance of the transverse
normal strcss everywhere.

SOli/£' ill/porlant .li·alures £'xhihil£'d h.l' III£' slr£'ss sIal£' and disp{ac£'lI/e1l1 .liefc{ ill Ihe

neighhourlwod 0/ tile crack Fllllt

It may be observed from eqns (16) that the in-plane stresses (a" aI!, aro) and the
transverse normal stress 0, in the neighbourhood of the crack front, contain inverse square
root singularity. The transverse shear stresses are of the order of unity, as can be observed
from eqns (17). The angular variation of the singular stresses is the same 'IS that of the two­
dimensional plane strain problem. The stress intensity factor is found to depend on :2 and
the thickness parameter tl( =hia), the actual variation with respect to Z is in the form of a
Fourier series. A mathematical study of the expression for the SIF as given by eqn (18)

indicates that K~(:2) docs not vanish at the plate faces ~ ± tl (or :2 = ±It). It is to be

noted that K~(:2) vanishes at the plate faces, thereby leading to the disappearance of the
singular part of a: there. This behaviour is to be expected since the condition 0: = 0 formed
one of the boundary conditions at the plate faces (eqn (7)). It is noteworthy that all the



Three-dimensional elastic analysis of cracked thick plates under bending fields 693

displacement components are finite at the crack front; this condition was. in fact. enforced
on the total solution of the problem solely from physical considerations. It is to be noted
that the above-mentioned features concerning the type of stress singularity. and angular
variation of singular stresses were also observed in the corresponding three-dimensional
analysis of the extension problem[6].

A comparison study of the present results with the existing two-dimensional results
from Reissner's theory[l7-19] indicate that the type of stress singularity. nature of the
angular variation of singular stresses and character of transverse shear stresses around the
crack front are the same. In contrast. the results from classical theory ex.hibit the following
features: (i) the angular variation of singular stresses is dependent on Poisson's ratio.
(ii) the transverse shear stresses are singular with a singularity of IIr 3 ~[20. 2\]. and
(iii) the in-plane stresses exhibit the inverse square root singularity. It may be observed
that only the last feature is in agreement with the present results.

The stress intensity factor K,,(Z) of the present bending problem is found to be a
function of the Z-coordinate and the thickness ratio '1( =h/a). In this connection various
aspects of the SIF have been discussed by Sih[22]. in particular at the corner points where
the crack penetrates the faces of the plate. Sih and co-workers[1. 22] have pointed to the
disappearance of SIF at the plate faces as an unsound feature. intuitively. The SIF as
defined by Kh(Z) in cqn (18) does not vanish at the plate faces. In discussing the nature of
SIF variation across the thickness. it may be mentioned that the formulations based on the
classical theory and Reissner's theory lead to stress intensity factors with only a linear
variation aeross the thickness. However. the improved bending theory proposed hy
Hartranft and Sih[XI and Sih[231 leads to the SIF with a general variation across
the plate thickness. This result occurs even though the theory proposed is two-dimensional
in character for plates with a through-crack geometry and stress-free plate fm:cs.

It may he ohserved from expression (19) for Kh(Z), the factor associated with the
singular term of a:. that this quantity is a function of the Z-coordinate in the form of a
Fourier series. The important feature of this stress (aJ lies in its general variation across
the thickness. in the zone lying between the plate faces and the plate middle plane. In
contrast. the transverse normal stress a: vanishes, completely, everywhere in the plate
domain in the analysis of crack prohkms where the formulation is based on Reissner's
theory. This is also true of the higher order theories proposed by Sih[23J, and Hartranft
and Sih[XJ in situations where the plate faces (2 = ± II) experience stress-free conditions.
The significant feature to be noted here is that even the higher order plate bending theories
proposed by these authors. where all the six components of the stress field have a general
variation with respect to the Z-coordinate (m:ross the thickness), reduce to one with all the
characteristics of two-dimensional sixth-order (Reissner's) plate theory. This is hy virtue
of the transverse normal stress vanishing everywhere in the plate domain. It is noteworthy
that in the present analysis u: and l~a:/r'( vanish at the plate faces, as can be observed from

the expression for K,,(Z). This feature arises from the disappearance of the transverse shear
stresses and a consideration of the equations of equilibrium along the Z-direction. at the
plate faces.

Fin.llly, it is noteworthy that all the displacement components arc finite along the
crack front. In fact, this condition was enforced on the solution solely from physical
considerations. This s.lme prol.:edure was followed by other investigators[ 1.21.

In the prel.:eding disl.:ussion some of the important features of the results obtained in
the neighhourhood of the crack front were brought out solely from the mathematical form
of eqns ( 16) -( 19). Their significanl.:e was discussed in the light of the existing results from
two-dimensional investigations. It will be interesting to detcrmine the naturc of the results
for this region that may emerge following numerical studies.

Discllssion oj lIIl1/lt'rical resl/lts-a comparison stl/((I' with existin!1 results
Three-dimcnsional finite clement results presented by Hilton and Sih[9], and Alwar

and Nambissan[lO) can be used for comparison purposes. The variation of SIF across the
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Fig. 3. Comparison of present results for SIF (variation across thickness) with FEM results.

thickness obtained by the present method for the plate geometry LIB = 0.5 and alB = 0.5
corresponding to two thickness ratios. namely '1 = 0.25 and 1.0 are shown in Fig. 3. Here,
JI was taken to be equal to 1/3. Also shown in this figure are lhe corresponding distributions
for" = 0.25 ohtained by Hilton and Sih[9] and by Alwar and Nambissan[IO]. For '1 = 1.0
the results of Alwar and Namhissan are provided. It may be observed from this ligure that
for the case with '1 = 0.25, the present method furnishes results for the SIF variation which
is almost linear for the major part of the thickness except in the vicinity of the plate faces.
The corresponding FEM results indicate a linear variation all through the thickness of the
plate. In addition, for this thickness ratio ('1 = 0.25), while the results of Hilton and Sih are
in good agreement with the present values (within 4'1., at the plate faces) those of Alwar
and Nambissan arc observed to deviate from the present results significantly (24.8% at the
plate faces). For the case with '1 = 1.0, the results of the present method are in reasonable
agreement with FEM results at the plate faces (within 5.2'Yo). However, the SIF variations
across the thickness are themselves not in good agreement for the plate region lying outside
the mid-thickness region. It is interesting to note that at the plate faces, the percentage
difkrence between the present results and those of Alw.tr and Nambissan tends to decrease
gradually as the thickness ratios increase from '1 = 0.25 to 1.0. From Fig. 4 for the plate
geometry LI B = 0.5, (II IJ = 1/3 and '1 = 1.125, the present results for the SI F arc in close
agreement with those of Alwar and Namhissan except in a small region ncar the plate faces,
where the dilkrences experienced between the two results arc less than 4%. It is signilicant
that the thickness ratio of 1.125, associated with a percentage ditlcrence of 4 as in Fig. 4,
turns out to be larger than the '1 value of 1.0 associated with a pacentage difference of 5.2
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Fig. 4. Comparison of present results with FEM results for SIF variation across thickness.
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as observed from Fig. 3. This suggests that the FEM results( IOJ are found to be in increas­
ingly bctter agrecment with the present results. as '1 values increase.

It appears that no new results from three-dimensional investigations. other than those
of Hartranft and Sih(81 and Alwar and Nambissan[IOI obtained by FEM, arc available in
the literature for the bending problem. In view of this, further comp'lrison studies would
be carried out with results from two-dimensional investigations. This would permit deter­
mination of three-dimension'll clfects and also an assessment of the order of accuracy of
two-dimensiol1<ll results.

The two-dimensional results from Rcissner's theory obtained by Murthy et al. [181
have been used for comparison with the present three-dimensional values. The percentage
differences between the three- and two-dimensional results have been plotted in Fig. 5. It
may be observed from these results that, for a given value of the al B ratio. as '1 increases
the SIF values arc also found to increase. However. the magnitude of these increases for
the three-dimensional case is smaller than that for the two-dimensional case. In addition,
as the a/ B ratio increases, say from 1/3 to 2/3, the rate of increase of SI F values with" is
also observed to increase. It may be mentioned here that the percentage dil1crenees between
the three- and two-dimensional results arc found to increase with increases in '1 values. for
a given v,llue of the alB ratio. It is interesting to note that the percentage dilferences
associ,lted with various '1 values for the Case with a!B = 1/3 arc larger than the cor­
responding values associated with either alB = 1/2 or 2/3. Thus, Fig. 5 reveals that the
three-dimensional effects on the state of stress arc rel1ected by decreases in SI F values from
their two-dimensional values. the magnitude of these decreases increasing with increases in
the thickness ratio fl. for all cases of width ratios (alB) considered.

Another interesting aspect of the results to be considered is the variation ofSI F through
the thickness of the plate. Figure 6 shows a comparison of the SIF variations across the
thil.:kness as determined by the present method with those obtained from Reissner's theory
by Murthy £'t al.[18] for three different thickness ratios, namely '1 = 0.35, 1.0 and 2.0. It
can be observed from this figure that for the three-dimensional case the SIF variation in the
mid-thickness region (say up to abollt i = 0.6h) is linear, for all three 11 values considered.
However, beyond the mid-thickness region. the SI F varies in a non-linear manner. the
intensity of nonlinearity increasing with increases in q values. In contrast, the corresponding
distributions for SI F for the two-dimensional case as determined from Rcissner's theory
are completely linear all through the plate thickness. This behaviour is to be expected since
the stress intensity factor is, mathematically, found to have a i-dependency which is linear
in form. It is significant that the most interesting aspect of the SIF variation across the
thickness occurs at the free surfaces of the plate. :t = ±h. It assumes muximum values
there for both three- and two-dimensional cases, as can be observed from Fig. 6.

It has been noted carlier that not only the in-plane stresses but also the transverse
normal stress ,Ire singulur. It is appropriate now to consider the case of the singular
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Fig. 6. Comparison of present results for SIF (variation across thickm:ss) with Reissner's results.

transverse normal stress. In this connection. it may be stated that. since the transverse
normal stress 11: vanishes everywhere in the plate domain in Reissner's formulation. no
comparison study can be carried out. However. for completeness. a brief discussion on the
character of the singular transverse normal stress from the present three-dimensional.
formulation seems to be appropriate. A plot of the variation of Kh(Z). which is the f(tctor
associated with the singular part of the transverse normal stress. is shown in Fig. 7. It may
he noted from this figure that a: vanishes both at the plate middle plane and at the plate
faces (Z = nand ±It). The vanishing character of this stress at the plate faces arises from
the satisfaction of the boundary condition fT, = n. and the vanishing feature of this stress
at the plate middle plane may be attrihuted to the antisymmetric nature of fT: with respect
to this plane. It is signilicant that. at the plate faces. not only the transverse normal stress
hut also its derivative with respect to the (-coordinate vanish. The disappearam:e of (la)(l(
arises 1'1'0111 the disappearance of the transverse shear stresses and a consideration of
equilihriurn in the Z-direction. at the plate faces.

At this point. it is useful to discuss the experimental results ohtained by Mullinex and
Smith[ II) as well as Rubayi and Ved[ 12). The results of M ullinex and Smith obtained from
photoclastic studies indicate that the sIr. essentially. varies linearly across the thickness
for a wide range of thickness ratios considered in the analysis. In contrast. the results of
Rubayi and Ved. also from photoclastic studies. suggest a non-linear variation of stresses
across the thickness. the nonlinearity increasing with increases in thickness ratios. While
the results of Mullinex and Smith arc in agreement with the theoretical prediction ofSih[23]
for the thickness values lying in the thin plate range. the results of Rubayi and Ved arc in
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Fig. 7. Variation of transverse normal stress across thickness (r - 0).
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good agreement with thost.: of Sih for all thidmess ratios considered. In view of tht.: widely
varying nature of results presented in the above two photoclastic investigations a definite
conclusion dot.:s not appear to be leasiblc. as I~tr as the expt.:rimental results art.: concerned.
On the other hand the results of Sih[23j (which arc two-dimensional in nature for plates
with stress-free faces. at 2 = ±h. for reasons stateu earlit.:r). t.:xhibit a stress state around
the crack front the variation of which is nonlinear ,Icross the thkkness. the extent of
nonlinearity im:reasing with increast.:s in the thickness ratios. Although a direct comparison
of the present three-dimensional results with those of Sih[23] is not feasible in view of the
differences in tht.: plate geometry. these two results serve. at least. to suggest the presence
of in-plane singular stresses. This indicates a non-linear variation for the SIr:. with the
intensity of nonlinearity increasing with increases in '1 values.

EJJi.'ct (If physiml {larameters (lfl the stress intemity factor
The parameters intlueneing the behaviour of the stress intensity f~lctor arc the length

ratio LIB. the width ratio al B. the thickness ratio ,,( = hla) and Poisson's ratio p. The effect
of these parameters on the SI F has been studied in the numerical 'In,tlysis. A discussion on
various aspects in this regard arc presented below.

EIJi.·ct (~I' afBand LI B ratios. Figure 8 shows the variation of SIr: at the plate faces
(2 = ±h) with the al B ratios for the case with LI B = 0.5 and JI = 113 for various '1 values.
It may be observed that for a given'l value as the alB ratio incre,lses the SIF is also found
to increase. But. for increasing '1 values. the rate of increase of SI r: with the alB ratio also
correspondingly increases. particularly for large IIIB values (the magnitude of the SI F value
itself increases; this aspect will be considered later).

The int1uence of varying the length ratio LIB on the SIF values at the plate faces is
shown in Fig. 9 for the case with ai ' B = 0.5 and JI = 1/3. for various '1 values. It may b<:
observed from this figure that as the length ratio increases the SIr: decreases. It is interesting
to note that the rate of decrease in the SIF values with the LIB ratio is found to be greater
for small '1 values. In particular. it is observed that rapid decreases in SIF values occur in
the region between LIB = 0.5 and 0.75. Thereafter. the curves tend to become flatter.
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E(!t'ct 0/ thickncss ratio. '1. lI1/d Poisso1/'s ratio. 11. Among all the parameters. it appears.
the inlluence of the thickness parameter '1 is the most important one. The inlluence 01'" on
the stress intensity I~tctor is observed in two different ways: its ellcct on the nature of S[ F
variation across the thickness. and its ellcct on the maximum S[ F values. Figure 10 displays
the nature of the changes produced on the S[ F variation across the plate thickness by
progressively increasing the '1 values from 0.25 to 3.0. the plate geometry considered is the
case with LIB = 0.5. lIlB = 0.5. and 11 = 1/3. [n general. it is observed from this tlgure that
in the region interior to the plate thickness the variation is linear for all the thickness ratios
considered. Beyond the plate interior. as Zlh increases the variations tend to become
nonlinear. the extent of nonlinearity increasing with increases in '1 values. In particular. it
is noted that the most interesting aspect of SI F variations across the thickness occurs at the
plate f~tces (2 = ±h). where the SIF reaches maximum values for '111" values considered.
An interesting plot of these maximum values as a function of the thickness ratio '1 is given
in Fig. II (see the distribution corresponding to the case with LIB = al B = 0.5). As can be
observed. the maximum SIF values (at the plate faces) increase in magnitude with increases
in the thickness ratio '1. Again. an inspection of Fig. 10 reveals that in the region lying
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Fig. 10. EfTc'<:t of thickness ratio on SIF variation across the thickness.
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adjacent to the plate faces the SIF (e.g. see the distribution corresponding to '1 = 3.0) is
found to decn:ase in magnitude with increases in the distance from the plate faces. but the
rate of decrease brought about is, significantly. very small. However, after a certain distance
is reached, this curve changes its course and approaches the region of linear variation. The
region lying adjacent to the plate faces (or stress-free plate boundaries) can be conveniently
referred to as the boundary layer region. In this new terminology. it may be stated that the
boundary layer thickness (BLT) decreases with decreases in '1 values, as can be observed
from Fig. 10. In other words. the BLT is found to increase as '1 increases. This behaviour,
it appears. can be attributed to the vanishing of the transverse normal stress at the plate
faces.

At this point, an intensive discussion on the character of SI F as observed in the
boundary layer region is appropriate. In doing so. an analogy with the corresponding
character of SI F observed in the extension problem[6] may lead to some interesting obser­
vations. In the extension problem, it was observed that as '1 was increased the BLTwas
found to decrease and the SIF experienced rapid drops in this region. In contrast. in the
present bending problem, it is noted that with increases in '1 values the BLT is found to
increase and. in addition. the SIF is also observed to increase. In fact, even a slightest hint
of any decrease in SI F values is not observed across the plate thickness. Figure II shows
the variation of SI F at the plate faces with '1 values for dillcrent LIB ratios. This figure
indicates that the rate of increase of SIF values with /1 values increases with decreases in
LI lJ values.

The elfect of Poisson's ratio JI on SI F values is considered next. The ctfect of JI is to
bring about a change in SI F variation across the thickness as well as at the plate faces.
Figure 12 shows the nature of the changes brought about on the variation of SI F across
the thickness for three dilferent values of Poisson's ratio. namely 1/3, 0.4 and 0.45. The
plate geometry considered here corresponds to LIB = alB = 0.5, and '1 = 3.0. As can be
observed from this figure. as JI increases. the SI F values are also found to increase all
through the plate thickness. However. the extent of increases produced on 51 F is largest in
the boundary layer region. It is significant that the loc.ttion of the maximum 51 F value is
not affected by increasing the JI values, in other words. the maximum SIF values are
experienced at the plate faces only. In Fig. 13 the variation of maximum SIF values (at the
plate faces) with the thickness ratio as influenced by increases in JI values is shown. It is
clear from this figure that for a given value 01''1, the SI F value increases when JI is allowed
to increase. from 1/3 (through 0.4) to 0.45. This phenomenon as observed in Fig. 13 was
also noticed in the investigation carried out by Sih[23]. However. this comparison must be
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viewed in a qualitative sense because of the differences in plate geometries considered in
these two investigations.

Trans/'erst.' normal stress, a:
At this point it is appropriate to study the behaviour of transverse normal stress. a:,

for difrerent '1 values. Figure 14 displays the variation of the singular part of the transverse
normal stress across the thickness, for the case with LIB = al B = 0.5 and II = 1/3 and for.
various values of the thickness ratio, '1. Since KI>(Z) is the factor associated with the singular

part of this stress, the variation of KI> (normalized with respect to rTJa) is shown in this
figure. As mentioned earlier, the transverse normal stress is a function of the coordinate in
the thickness direction Z. It varies in an antisymmetric manner with respect to the plate
middle plane and, also, vanishes at the plate faces (2 = ±Ii). It may be recalled that the
disappearance of this stress together with the transverse shear stresses have formed bound­
ary conditions (7). Besides, the disappearance of the transverse shear stresses and a con­
sideration of the equilibrium condition along the Z-direction at the plate faces imply the
disappearance of the quantity iJa:liJ( at this boundary. The two features associated with
the disappearance of a: and iJa:liJ( at the plate l~tces can be observed in Fig. 14. It may also
be observed from this figure that the transverse normal stress, for any given value of 'l,
reaches a maximum value at a particular point across the thickness and, thereafter, drops
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rapidly before finally vanishing at the plate faces. In particular. it may be seen that as '1
incre,\ses the ma:"imum value of the stress is also found to increase. The locations where
these ma:"imum values occur are found to approach the plate faces as the thickness ratio '1
increases. It is believed that it is this phenomenon of increasing maximum stress values
corresponding to increases in'l values that has \cd to increases in the extent of the boundary
layer region (as '1 increases). referred to earlier. in connection with the disclIssion or
fig.IO.

The results for rT, of this paper will now he discussed in the light of previous work in
this area. The results of other investigations concerning the natun: or the transverse normal
stress also will be briefly mentioned. In the photoclastic investigations or Ruhayi and
Ved[ 12] the results for this stress have not been presented. The photoclastic results of
Mullinex and Smith[ III for the stress rT: ilH.lic.lte that the v'lri'ltions or this stress across the
thickness arc similar to the corresponding variations of the present mClhod only in a
qualitative way (a direct comparison is not meaningful in vie\v of vast difl"crences in the
plate gcomdries considered in the two investigations). In Refs [9. (0]. finite c1elm:nt n:sults
for the transverse normal stress havt,; not been presenll:d. In discllssing the transverse normal
stress. it must be pointl.:d out that thl.: formulations bast:d on Reissnt:r's tht:ory[I~] and Sih's
improved theorit:s[2Jllcad to the disappearanct: or transverse normal strcss everywhere in
the plate domain, for cases with stress-free plate I~lces.

CONCLUSIONS

A general three-dimensional solution has been presented for the bending problem of
finite thick plates with through-tht,;-thickness cracks. It has been noted that the in-plane
stresses and the transverse normal stress at the crack front an: singular with an inverse
squart: singularity, whilt: the transverst: shear stresst:s arc of thc order of unity. Among
various par,lmett:rs of the probkrn it is the thickness ratio which influences the SI F in a
most significant manner. Onl.: of the important features of the solution lies in the character
of the SI f variation across the thickness. Apart from being nonlinear, the SI f docs not
dt:crcase as it varies across the thickness. This ruks out the possibility or it disappearing at
the plate faces as suggested in Ref. [9] and the maximum SIF valut: is thus achieved at the
plate faces. In contrast to Reissner's theory which indicates a linear variation ror the SI F.
the results or this analysis show that the SI F variation across the thickness h,\s <t non-linear
ch.\racter. While in Reissner's theory the transverse normal stress v.mishes everywhere in
the plate domain, in the present analysis this stress has non-zero values.
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APPENDIX

Th.: ~xrn:ssi(lll for 11" in sai.:s form in powers of r is given as

(T" =2:: ~X(jl'( lI"'SI(~{,,~,,{II:l(I-I)N,r' 'cns/O+[4/(I-jl)-I!(/-l)M/ 'eos(/-2)(/

+..1(~,.',!,)I,'(I-I)(l--2)(l-3j.1f,r' 'cos (/ 2HI} +:( -1)1;(~l'lI):X/ln,.(r,onJ

12,,, ,= C,,,l.(l'lIr;'tl sin /1(/

II" = (l'1I) '/(11).' -(1'11)'1'

a" = /11;:111),' - (I' 1!) 'I'
f., = I;!(IJ; - (l' 11) 'I
{' =1+ 1.'2. r, = m,i'lI,. ,,= /t a

. (2 -/1) (I-/ll . , •
~,= (i'1I). - (/;~)T; ,/, = (1-/1)/(1 rc)-.

In the equatilll1s written ;lb"v~. l,(i.,ri'l) with i., = (II, \lr I"rr can be expressed in power series form as
fnlllll\s{1 hi :

whcre

I. (i.• r,'/) = 1J.. '[
""_ 0, I.:!.

(i.• /2'l)'Mr'" :M

""./>(';.",)
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¢(n.m) = (n+ 1)(n+:!)(n+3} ... (n+m). for m ~ 1

q,(n. m) = O. for m = O.
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In the above series expansion B"" are arbitrary constants which are absorbed into the unknown constants
occurring in the expressions for stress and dIsplacement components.


